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Abstract 

00 | We establish an almost sure scaling limit theorem for super-Brownian motion 

on R rf associated with the semi- linear equation Ut = \ Au + (3u — au 2 , where a 
and (3 are positive constants. In this case, the spectral theoretical assumptions 
that required in Chen et al (2008) are not satisfied. An example is given to show 
QJ ■ that the main results also hold for some sub-domains in W d . 
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1 Introduction 

Let Bf,(M. d ) (respectively, B^(M. d )) be the set of all bounded (respectively, non-negative) Borel 
measurable functions on R d . Denote by Cft(R rf ) the space of bounded continuous functions on 



■ R d . Let C k,v (M, d ) denote the space of Holder continuous functions of index 7] E (0, 1] which have 

derivatives of order k, and set C(R d ) := C°' ri (M. d ). Write C^(R d ) for the space of bounded 
\ functions in C 1 ' 1 (M d ). Let L be an elliptic operator on R d of the form 

(N ■ l 

L := -V • AV + B -V, 

OO ' 2 

where the matrix A(x) = (aij(x)) is symmetric and positive definite for all x G M rf with aij(x) G 
C 1 '"^) and B(x) = (bi(xj, b d (x)) is an Revalued function with bi(x) E C ll,? (M d ),' i,j = 
1, ••• ,d. In addition, let a, (3 G C v (M. d ), and assume that a is positive, and (3 is bounded from 
above. 

Let {X t ,t > 0} be a super-diffusion corresponding to the operator Ln + /3n — au 2 on M. d . 
Denote by A c the generalized principal eigenvalue for the operator L + (3 on R d , i.e., 

A c = inf{A G R : L + (3 — A posesses a Green's function}. 

Let L be the formal adjoint of L, the eigenfunction of L + (3 corresponding to A c will be denoted 
by <j>, and the eigenfunction of L + (3 corresponding to A c will be denoted by <j). The operator 
L + (3 — A c is called product-critical if <fi > 0, 4> an d 4> satisfy (4>,<f>) < oo. In this case we 
normalize them by {4>,(fr) = 1. Englander and Turaev (2002) proved that if A c > 0, L + (3 — A c 
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is product-critical, acj) is bounded and the initial state p is such that (p, 4>) < °o ; then for every 
positive continuous function / with compact support, 



lim e- x ° t (X t ,f)=N li faf) 

t— >oo 



in distribution 



where the limiting non-negative non-degenerate random variable Nn was identified with the help 
of a certain invariant curve. Englander and Winter (2006) improved the above result to show 
that the above convergence holds in probability. 

Chen et al (2008) established that the above convergence in probability result holds for a large 
class of Dawson- Watanabe superprocesses. Moreover, if the following assumptions hold: (1) The 
underlying spatial motion £ is either a symmetric Levy process in M, d whose Levy exponent ^(rj) 
is bounded from below by c\r]\ a for some c > and a G (0, 2) when |jy| is large (we also denote 
its infinitesimal generator by L); or a symmetric diffusion on M. d with infinitesimal generator 



where A(x) = (aj.j(x)) is uniformly elliptic and bounded with a^j G Cl (R ) and the function 
p(x) G Cl(R d ) is bounded between two positive constants; (2) G i^oo(£) H C&(R d ) and a G 
^oo(£) n B^(R d ); (3) Ai := Ai(/3) < (Xi(0) is the smallest spectrum of L + 0, and ifoo(£) is 
the space of Green tight-functions for £), then for every bounded measurable function / on R d 
with compact support whose set of discontinuous points has zero m measure, 



where 4> is the normalized positive eigenfunction of L + corresponding to Ai, M<£, is the almost 
sure limit of M.f := e Xlt (Xt,4>) and m is the measure with respect to which the underlying 
spatial motion is symmetric. 

Note that if L is of the form (jl.ip . then the generalized principal value A c for operator 
L + on M d equals to — Ai(/3). The assumptions (1), (2) and (3) above were used to guarantee 
that the associated Schrodinger operator L + (3 has a spectral gap and has an L 2 -eigenfunction 
corresponding to Ai. 

In this paper, we consider the supercritical super-Brownian motion on R d , d > 1, corre- 
sponding to the operator \Au + f3u — au 2 , where a, are positive constants. Thus £ K^^) 
(here, £ is Brownian motion), A c = and 



has normalized eigenfunction = 1, which is not L 2 -integrable. Therefore this case was not 
included in the setup of the above papers. On the other hand, the corresponding almost sure 
limit theorem is known for discrete particle systems. 

Using techniques from Fourier transform theory, Watanabe (1967) proved an almost sure 
limit theorem for branching Brownian motion in R rf and in certain sub-domains in it. However, 
the proof in Watanabe (1967) is thought to have a gap as expressed in Englander (2008). In 
this paper, using the main idea from Watanabe (1967), we prove an almost sure limit theorem 
for the super-Brownian motion and fill this gap in Proposition 13.11 and 13.21 In the more general 
case where a, G C v (M. d ), a is bounded and positive, and is compactly supported, we can 
immediately apply the result in Chen et al (2008) to give an almost sure limit theorem. 



L = pix)- 1 ^ • (pAV) 



(1.1) 
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The remainder of the paper is organized as follows. In section 2 we give some preliminary 
results about super-Brownian motion. The main results and the corresponding proofs are pre- 
sented in section 3. However, in order to facilitate the understanding of readers, we first give 
some of the basic results, which lead to our main theorems. In section 4 we will give an example 
to show that the main results also hold for some sub-domains in M. d . 

2 Super-Brownian Motion 

Let M F (R d ) be the set of finite measures on M equipped with the topology of weak conver- 
gence. Let M c (M. d ) be the subset of all compactly supported measures. The space of continuous 
functions with compact support (respectively, non-negative) will be denoted by C c (R d ) (resp. 
C+(IR d )). Let Cc(IR d ) denote the space of functions in C v (M. d ) with compact support. Denote 
by Aa; the inner product for A, x G R d . Denote by | • | the Euclidean norm. 

Let £ = (17, £i, J^, &t j Px) be a Brownian motion on M. d with transition semigroup {Pt,t > 
0}. Suppose X = {W,W ,5ft, X^P^, \x G Mir(M d )} is a time-homogeneous cadlag super-Markov 
process corresponding to the operator ^Au + (3u — au 2 where a, (3 G C^iW 1 ). More precisely, X 
is a super-Brown motion with X t G Mp(M. d ), t > 0, and the Laplace functional 

P„ [exp((-/, X t ))] = exp((-u(t, •), M» 

with n G M F (R d ), / G £^(R d ), where u is the unique solution of the integral equation 

u(t,x)+ [ ds [ a(y)u(s,y) 2 Pf_ s (x,dy) = Pff(x), 

JO J E 

where Pff(x) := P x [efo P^ ds f(£ t )]- As usual, denotes the integral J Rd f(x)fi(dx). The 

first two moments for Xt are given as follows: for every / G B^(R d ) and t > 0, 

P^[(/,Xt)] = (2.1) 
P^(/,X) 2 ] = »(Pff) 2 + 2 fds [ a(y)(P s Pf(y)) 2 »Pl s (dy). (2.2) 

For the definition of super processes in general, the reader is referred to Dynkin (1991, 2002) 
or Dawson (1993), and for more of the definition in the particular setting above, see Englander 
and Pinsky (1999). 

In the sequel, we will assume that a and (3 are positive constants unless otherwise specified. 
Let y>\(x) := e iXx . For / G C c (R d ), denote its Fourier transform by /(A) = f Rd f(x)ip\(x)dx. 
Then /(A) is continuous and 

P t <p x (x) = (2^)-|^ V 9 A (y)exp|-^^|(iy = ^A(a:)exp{-i|A| 2 t} := P t (x, -)(A). (2.3) 

Denote the transition density of Pt by pt(x,y), and let p(X) := (3 — ^|A| 2 . Then 

F Sx [(f,X t )] = Pff(x) = e? t [ f(y)p t (x,y)dy 

= / f(y)p t (y,x)dy 
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"W*7(A)^(x) 



(2vr) d 
dA 



(2?r) c 



For / G C c (M d ), let 5/ (x) := P*. [(/, -X"*)] = P t P f(x). We will write g(x) for g f (x) if there is no 
ambiguity. Then 



Hence, 



g(X) = / Pff(x)ip x (x)dx 
Js. d 

= eft f [ f(y)P t (x,dy)<p x (x)dx 

JR d JR d 

= ef* [ f(y) [ <px(x)P t (y,dx)dy 

JR d JR d 

= e'W* / f(y)My)dy 

JR d 

= e"W*/(A). 



rfA 



(/(*) = / ?(A)(^ A (x) 7 — ^. (2.4) 



Note that for each t > 0, 

e~l^ A )|5(A)|dA = / el"W|/(A)|dA 

< el* / e -il A l 2 *dA / \f(x)\dx 



ef*r^Wj/(a;)|dx<oo. (2.5) 



Let .e/ := ^ / G L (M ): / is continuous, /(A) exists and continuous in A, 

dX 



f(x)= / f(\)<p x {x, 

and 



/ e- 6 ^)|/(A)|- 

7R d 



(27T) 

dA 



< oo for some e > > . 



(27r) d 

By 423|) and ([23]), {<?(*) = F Sx [(/, X t >]; / G C c (M d ), t > 0} C ^. 

The next lemma is a version of Lemma 3.1 in Watanabe (1967) and the proof is similar, so 
we omit the proof here. 

Lemma 2.1 For every f G C£~(R ) and every e > 0, there exist fa, fa G stf such that L,d(fa — 
fa)dx < e. 



3 Limit Theorems 

If / € sf, then (X t ,f) = (X t , J Rd /(A)<^^> = ^ J Rrf (X f ,^)/(A)dA. Denote by W t {\) := 
e —PWt (x t ,lp\) . Then we have the following lemma. 

Lemma 3.1 {W t (X),t> 0,& t ,F Sx } is a martingale for each A G R d . If 2p(A) - /3 > 0, {Wi(A)} 
converges almost surely and in the mean square. 

Proof. For each A 6 R , by the Markov property and (12, 3p . we have 

E fe [Wi +a (A)|^] = E Xs [e-(*+')"W(X tj ^>] =e-(*+^ A )(Pfe,X s ) 

= e-^ A )(X s ,v5l) = iy s (A), 

so {W^A),^,?^} is a martingale. By (|2T2jh 

%[|Wt(A)| 2 ] = e ^%U(It,^)(I^)] 

= e" 2 ^ A )e 2/3t [(P« cos Ax) 2 + (P sin Ax) 2 ] 

(PfcosAy) 2 + (Pf sinAy) 2 ! P?_ a (dy). 



+2ae~ 2t ^ / ds 

Jo JR d L 



Note that 



P t cos Ax = (2irt) 2 / cos \y exp 



|y - x\ 
2t 



(2irt) 2 / cos A(y — x + x) exp 



12/ - x\ 
2t 



dy 



(2nt) 2 / [cos A(y — x) cos Ax — sin A(y — x) sin Ax] exp 



\y - x\ 

2t 



dy 



cos Ax 

(V2~TTt) a 



cos A(y — x) exp 

sin Ax 
\f2lii) c 



\y - x\ 

2t 



dy 



y - x| 



Using the formula J °° e x cos rxdx = 2 e 4 > we nave 

cos Ax 



I1 



cos Ax 



2t 



y-x\ 



dy. 



2t 



dy 



sin A(y — x) exp 

*3 * 

cos A(y — x) exp 

! AX TT / f I — 2 

= d _ lll / cos ^iv2tZje i dzi 
= cos Axe~2l A l 2 ; 

where we have used the fact that "sin x" is an odd function on the real line in the second equality. 
And similarly, we have 



I- 



2 •- 



sin Ax 



sin X(y — x) exp 



\y - x\ 

2t 



dy = 0. 
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Thus 



Similarly, 



Pt cos Ax = cos Axe zW 2 . 



d f ' \y — x\ 

Pfs'mXx = (27rf)~2 J sinAyexp<j — — \dy 



2 

v 

2t 



= (27rt) _ 2 / sin X(y — x + x) exp < >dy 

Jr<i [ 2t ) 

= (27rf)~2 j [sin X(y — x) cos Ax + cos \(y — x) sin Ax] exp 1 — ^ ^ 1 

jRd I 2t J 



2 ; 

dy 



sin Xx f ( \y — x\ 2 ] , 
i M d COS ^ ~ S ' 6XP { 2t — J 



(V27rt) d 
= sin Axe~2l A l 2 . 

Through the above calculation, we finally get, 

E Sx [\W t (X)\ 2 } = l + 2ae- (2 ^-^ f e^'^ds 

Jo 

= { 1 + (1 - e-^'-fl*) , 2p(A) - ^ 0; 

[ 1 + 2at, 2p(A) - /? = 0. y ' ' 

Thus if 2p(A) — (3 > 0, then < sup t Es x [|Wi(A)| 2 ] < oo. An application of the martingale 
convergence theorem implies that 

W(X) = lim W t {\) (3.2) 

t— >oo 

exists almost surely and in the mean square. □ 

Denote by A = {A : 2p(A) — (3 > 0}. For every A £ A, there is an exceptional null set N\. 
The fact that A is uncountable yields {W(X);X G A} can not be defined on the uncountable 
union IJasA so we nave *° P rove the uniform convergence of {Wt (A)} on A or on some subset 
of A. 

Definition 3.1 Let li G M c (M d ). Tie measure valued process {X t ,t > 0} with initial state li 
possesses the compact support property if 



U suppA(s) (s R d \ =1, for ali i > 0. 



K 0<s<t 

Here the notation A B means that A is bounded and Ac B. 

For each li G M c (M. d ), according to Theorem 3.4 and Theorem 3.5 of Englander and Pinsky 
(1999), the corresponding super-Brownian motion with initial state ii possesses the compact 
support property. Thus we have the following lemma. 

Lemma 3.2 For each li <E M c (R d ), W t (X) is analytic in X on R d P^-almost surely, for all t > 0. 
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Proof. Since {X t ,t > 0} corresponding to P M possesses the compact support property, then 
for each t > 0, J Rd \x\X t (dx) < oo almost surely. By dominated convergence theorem, Wt(\) is 
differentiable in A almost surely. Then Wt{\) is differentiable in A almost surely for all rational 
t. Thus Wt{\) is analytic in A almost surely for all t > by the right continuity of W. (A). □ 

The following lemma was given in Biggins (1992). To state it, we first introduce some 
notations. The open polydisc centered at Ao = (Aj, A°, •• • , A^) £ M. d with radius p > is 
denoted by D Xo {p) and defined by D Xo (p) = {X £ R d : \Xj — A°| < p, Vj}, and its boundary 
r Ao (p) is defined by T Ao (p) = {A £ R d : |Aj — A°| = p,Vj}. Denote by 

C = {t S M d : < < 2vr, Vj} and A 3 -(t) = A° + 2pe^ , 
so that r Ao (2p) = {A(i) : t £ C}. 

Lemma 3.3 If f is analytic on D\ (2p') with p' > p, then 

\f(X)\<n~ d [ \f(X(t))\dt, 
Jc 

with C and X(t) as defined above. 

For each < e < 0, denote by A e := {A : 2p(X) - (3 > e}. 

Proposition 3.1 For every e > and every x S M. d , {Wt(X)} converges uniformly on A £ 
Fs^-almost surely, as t — > oo. 

Proof. If A 6 A e , then the martingale property of {Wt(X),t > 0} and (|3.ip imply that 

E (5 J|^ i+s (A)-^(A)| 2 ] < E Sx [\W t+s W\ 2 ]-^8 x [\Wt(X)\ 2 ] 

= 2a c -(2p(X)-0)s^ c -(2p(X)-0)t 



sup 



2p(X) - (3 



< ^e- et . (3.3) 

Given any Ao G A e , we can find p > such that D\ {2>p) C A E . We use Lemma l3~3l to deduce 
that 

sup 7T d \W t+s (X)-W t (X)\ < I \W t+s (X(u))-W t (X(u))\du, (3.4) 
\eD Xo ( P ) Jc 

by (|3.3p and Holder's inequality, 



E 4 / |W t+s (A(«)) - W t (A(«))|du < (2^) d sup E 5l [|W t+s (A)-W t (A)|] 

Aer Ao (2 P ) 

< {27T ) d ^e-^, 

so the left side of (|3.4p converges to zero almost surely as t — > oo and hence, by a compactness 
argument, we get the desired result. □ 
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Proposition 3.2 For every e > 0, W(A) is analytic on A e . 

Proof. As Wi(A) converges uniformly on A e to W(A) and Wt{\) is analytic in A, standard 
complex analysis gives the analyticity of W(A), see Hormander (1973), Corollary 2.2.4. □ 

The following theorems and corollaries are the main results of our paper. But first, it would 
be better to give a full statement of Lemma 3.4 in Watanabe (1967) which will be used below. 

Lemma 3.4 If Y is a non-negative random variable such that P{Y > y) < My~ 2 , then for 
every rj > 0, 

E(Y) Krj + Mrf 1 . 

Proof. 

poo poo poo 

E(Y) = - ydP{Y >y) = P{Y > y)dy < 77 + M / y~ 2 dy = 77 + Mrf x . 
Jo Jo Jr] 



□ 

Theorem 3.1 Assume f G and a, [3 are positive constants. Then for every e such that 

P 
2 



< e < f and for every x GM. d , there exists 5 > such that, 



(X t ,f) = -L 3 [ W(X)e t ^f(X)dX + o(e^ t ), P 5x - a.s. 



where W(X) is defined by £Oj). 



Proof. Iffezf, then f(x) = f Rd f(X)tp x (x)j0^. Hence, 

(XtJ) = lX- d l W(X)e t ^f(X)dX 

+ * I (W t (X) - ^(A))e^ A )/(A)dA 

(2^) J2p{\)-I3>e 

+ j^y d [ W t (X)e^f(X)dX 

(2*0 J2p{\)-I3<e 
' {h{t)+I 2 {t)+h{t)). 



(27T) 



d 



First we shall show that 



F Sx [ lim e- (l3 - 5 ^I 3 (t) = 0] = 1. (3.5) 

t^oo 

Since / S =2/, there exists c > such that J Rd e~ 2cp ( A )|/(A)| < 00. For every y > 0, we have 
by Doob's maximal inequality and (|3.1[) that 



sup e-^ +£)t e pWt \W t (X)\ > y 

cn<t<c(n+l) 



< FsA sup \W t (X)\>ye 

V cn<t<c(n+l) 

< y-2 e W)-Z-s)cn Esx [| W c ( n+1 ) ( A) | 2 ] 



-(p(A)-f- £ )cn 



< 



y -2 e 2(p(A)-f -e)cn ^ + ^ + ^ ^ 2f) ^ _ p > q. 

y -2 e 2(p(A)-f- £ )cn ^ + 2c ( n + -q ae -(2p(A)-/3) C (n+l)] ^ 2p ( A ) _ /3 < . 
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Since 2p{\) - (3 < e, 2p(A) - P - 2e < -e, 

sup e" ( f +e VW*|iy t (A)| > < y- 2 e- £m [1 + 2c(n + l)a] e 

;<c(n+l) / 



2(p(A)-/?)c 



Using Lemma 3.4 by taking r/ = e 2 ( we get 



E Sx sup e-G+e-rtWlWtiX)} 

_cn<t<c(n+l) 

< e -T + [1 + 2c(n + l)a]e" £ i £ e- 2 W A )-^ c 

< dCn+lJe-^e- 2 "^. 



Then 



sup e-^ +£ ^\I 3 (t)\ 

cn<t<c(n+l) 



sup e - (#+ S -p(A))t 1 w t (A) 1 1 / ( A) I dA 



cn<t<c(n+l) 
jR d 

< C 2 (n + l)e-^, 
where C\, C2 are constants. Hence 



£ sup e-(f + ^|I 3 (t)l 

„ cn<t<c(n+l) 



< OO. 



Choose 5 such that /3 — 5 > & + e, i.e., 5 < f — e, this proves (|3.5[) . 
Next we shall show that if < <5 < |A/3, we have 

Pajlim e-^- 5 )*/ 2 (t) = 0] = 1. 

t— >oo 

For each t > n and every y > 0, by Doob's maximal inequality and (|3.3 



sup \W S (X) - W n (X)\ > y ) < y- z E Sx [\W t (X) - W n (X)\ 2 } < Ay~ 2 e 

n<s<t 



Applying dominated convergence theorem, we have 



2 -en 



sup \W t (X) - W n (X)\ >y)< Ay- 2 e~ £n , 

n<t<oo 



(3.6) 



therefore 



FsA\W(X)-W n (X)\>y)<Ay- 2 e 



2 -en 
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Further we have 



sup \W(X)-W t (\)\>y 

n<t<oo 



< 



sup \W t {\) - W n {\)\ > | ) +F Sx ( \W(X) - W n (X)\ > »- 



\n<t<oo 
t'„.— 2„— en 



< A'y- Z e- 

Using Lemma 3.4 in Watanabe (1967) by taking rj = e~2 n , 

E Sx [ sup \W t (X) - W{\)\) < A"e-*' 

n<t<oo 

for some constant A" independent of n. Then 

E s . 



sup e-^-^\I 2 (t)\ 

n<t<n+l 



< E 5 

< E s 



sup (\W t (X) - W(A)|e*^W-^) f(X)dX 

2p(A)-/3>e n<t<n+l ^ ' 

sup \W t (X) - W(X)\e nMX) ~^e 5{n+1) f(X)dX 

2p(\)-/3>e n<t<n+l 



I2p(\)-f3>e 



f(X)dX 



where A" and ^ are positive constants independent of n. Hence, 



V sup e-(^)*|J 2 (*)| 

_ n<t<n+l 



< OO. 



We get the desired result from (|3.5p and (|3.6[) by taking < 5 < § A 



'/8 



□ 



In the sequel we will frequently use the notation "/(i) ~ fi 1 ^)) t — > oo", which means that 



lim t _ 



/(*) 



1. 



Theorem 3.2 Assume a, (3 are positive constants. For every i£l and every f £ C c 
have 

(XtJ) 



we 



lim 



(2vr)-2 / f(x)dx-W(0), F Sx - a.s. 



where W(0) is the F^-almost sure limit ofe- pt (X t ,l). 

Proof. We may set e < 4. If / € =2/, by Theorem 3.1, then as t — > 00, 



1 



(27r) d 
1 

(2vr) d 
1 



2p(A)-/3> £ 



p{\)-P>-e 



W(X)e tMX) -V ■ e 5t f(X)dX 
W(X)e t{pw ~ l3) ■ e 5t f(X)dX 



(2vr) d 



-<p{*)-P<-e 



WiXybM-fi ■ e 5t f(X)dX. 
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By Proposition 13.21 W(X) is continuous on A e := {A : 2p(A) — > e}, hence 
i-r f W(X)e t{pw - f3) • e St f(X)dX -> 0, as t -» oo. 

7T) d j!=£ <0 (x)-B<- e 



(2vr) d 7£_i3< /9(A) _ /3 <_ £ 
Therefore 

«./) 



Since VF(A) and /(A) are continuous in A and ^(0) = (3, for sufficiently small e, we have 



(XtJ) 1 



t{ P {\)-p) dX , I f( x -)dx-W(p) 



(2ir) d y /3 _p(A)< E 

~ ~, ~t~t / e^W-^dA- / f(x)dx-W(0), as t -» oo, 
(2vr) a! J K d 7 R d 

when deducing the second ~, we have used the fact that 

e t( P (X)-P) dX = J f e t( P {X)-f3) dX \ > ag t x 
(3-p(A)>e \JR d / 

Consequently, for / G =sz/, 



lim^4 = (2vr)-f / W(0). 

An application of Lemma 12.11 gives the desired result for / £ C c (R d ). □ 

Remark In fact, Lemma 12.11 holds for every bounded Borel measurable function / on R d 
whose set of discontinuous points has zero Lebesgue measure, so does Theorem 13.21 The Law of 
large numbers for super-Brownian motion had been proved in Englander (2008), the following 
corollary gives the strong one. 

Corollary 3.1 (Stong law of large numbers) Assume a, (3 are positive constants. Then for 
every relatively compact Borel subset B in M. d with positive Lesbegue measure whose boundary 
has zero Lebesgue measure, we have F 's^-almost surely, 

l im X *W = W (o) 

Proof. Note that 

F Sx [X t (B)} = [ l B (y)p t (x,y)dy 

= (2vrt)-ie /3t ^l i? (y)exp|-^^|dy 
~ (2Tr)~h~^e 0t l B {y)dy, t -> oo. 
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Take f(x) = 1_b(x) in Theorem 13.21 



lim ^- ) ... = lim ; -r- — — 

t-oc F Sx [X t (B)] i-oo (2 7 r)-#t-#e^/ ]Kd l B (y)dy 

= W(0). 

□ 

For the case that a and (3 are spatially dependent functions in C r, (R d ), a is bounded and 
positive, and (3 is compactly supported, we have the following result. 

Theorem 3.3 Let L = ±A. For every (3 G C?(R d ), assume A c = A c (/3) > 0. Then there exists 
f^o C SI of probability one (that is Fg x (Oq) = 1 f° r every x G R d ) such that, for every u G f^o a^d 
every bounded measurable function f on W* with compact support whose set of discontinuous 
points has zero Lebesgue measure, we have 

lim e-^{X u f)=M& [ f(x)<P(x)dx. 

t^oo J Rd 

where M^o is the almost sure limit of e~ Xct (X t , <fi), cf> is the normalized positive eigenfunction of 
L + f3 corresponding to A c . 

Remark This is an immediate consequence of Chen et al (2008). Note that, (3 is assumed to be 
compactly supported so it is a Green-tight function for Brownian motion, i.e., (3 G ifoo(£), see 
Chung (1982, pl28). For the definition of Green-tight function, the reader is refereed to Zhao 
(1993). 

Under the assumption that A c > 0, the results of Chen et al (2008) imply immediately 
that the associated Schrodinger operator L + f3 has a spectral gap and has an L 2 -eigenfunction 
corresponding to A c , and the strong limit theorem holds. 



4 Examples 

In this section we will give an example to show that the main results also hold with some 
sub domains in place of M. d . 

Let D = {(x\,X2, • • • , Xd) G M. d ; Xd-i+i > 0, Xd-i+2 > 0, • • • , x& > 0}. Let £ be a Brownian 
motion on D with absorbing boundary and let X be a super-Markov process on D corresponding 
to the operator ^Au + Pu — au 2 where a and [3 are positive constants. In this case, the transition 
density for £ is 

j =1 \ I • J J j=d-i+l \ < 'J ^ > ' 

and we take 

j=l j=d—i+l 3 
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p(A) = /3-ilAI 2 . 

For / G C C (D) and g G C c (M d ), define the generalized Fourier transform by 



/(A) = / /(x)y> A (x)d a 




and 

fl(x)= (2^1 ?(A) ^ (x) 

For each G M C (D) (the space of finite measures with compact support on D), according to 
Theorem 1 of Engliinder and Pinsky (2006) with D instead of M. d , the superprocesses {X t , t > 0} 
corresponding to P M possesses the compact support property. Thus, by similar cacaulations to 
that in section 3, we have for every x G D, 



lim = (2*)"* / f(x) ( n ) dx ■ W(0), n 



a.s. 



j=d-i+l 



where PF(0) is the P^-almost sure limit of e'^iXt,!). 

Similarly it can be checked that Theorem 3.2 also applies to the examples in Watanabe (1967) 
with branching Brownian motion replaced by super-Brownian motion on some subdomains in 
R d with absorbing boundary. 
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